Abstract-The performance analysis of adaptive physical layer network-coded two-way relaying scenario is presented which employs two phases: Multiple access (MA) phase and Broadcast (BC) phase. The deep channel fade conditions which occur at the relay referred as the singular fade states fall in the following two classes: (i) removable and (ii) non-removable singular fade states. With every singular fade state, we associate an error probability that the relay transmits a wrong network-coded symbol during the BC phase. It is shown that adaptive network coding provides a coding gain over fixed network coding, by making the error probabilities associated with the removable singular fade states contributing to the average Symbol Error Rate (SER) fall as SNR −2 instead of SNR −1 . A high SNR upper-bound on the average end-to-end SER for the adaptive network coding scheme is derived, for a Rician fading scenario, which is found to be tight through simulations. Specifically, it is shown that for the adaptive network coding scheme, the probability that the relay node transmits a wrong network-coded symbol is upper-bounded by twice the average SER of a point-to-point fading channel, at high SNR. Also, it is shown that in a Rician fading scenario, it suffices to remove the effect of only those singular fade states which contribute dominantly to the average SER.
With every singular fade state, we associate an error probability that the relay transmits a wrong network-coded symbol during the BC phase. It is shown that adaptive network coding provides a coding gain over fixed network coding, by making the error probabilities associated with the removable singular fade states contributing to the average Symbol Error Rate (SER) fall as SNR −2 instead of SNR −1 . A high SNR upper-bound on the average end-to-end SER for the adaptive network coding scheme is derived, for a Rician fading scenario, which is found to be tight through simulations. Specifically, it is shown that for the adaptive network coding scheme, the probability that the relay node transmits a wrong network-coded symbol is upper-bounded by twice the average SER of a point-to-point fading channel, at high SNR. Also, it is shown that in a Rician fading scenario, it suffices to remove the effect of only those singular fade states which contribute dominantly to the average SER.
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I. BACKGROUND AND PRELIMINARIES
T HE wireless two-way relay channel ( Fig. 1 ) in which bidirectional data transfer takes place between the nodes A and B with the help of the relay R is considered. All the three nodes are assumed to be half-duplex, i.e., they cannot transmit and receive simultaneously in the same frequency band. The Denoise and Forward (DNF) protocol, introduced in [1] , is considered which consists of the following two phases: the multiple access (MA) phase, during which A and B simultaneously transmit to R and the broadcast (BC) phase during which R transmits to A and B. Network coding map, also called the denoising map, is employed at R in such a way that A (B) can decode the message of B (A), given that A (B) knows its own message. 
A. Background
The concept of physical layer network coding has attracted a lot of attention in recent times. The idea of physical layer network coding for the two way relay channel was first introduced in [2] , where the Multiple Access Interference (MAI) occurring at the relay was exploited so that communication between the end nodes can be done using a two phase protocol. Information theoretic studies for the physical layer network coding scenario were reported in [3] , [4] . A differential modulation scheme with analog network coding for bidirectional relaying was proposed in [5] . The design principles governing the choice of modulation schemes to be used at the nodes for uncoded transmission were studied in [6] . An extension for the case when the nodes use convolutional codes was done in [7] . A multi-level coding scheme for the two-way relaying scenario was proposed in [8] . Power allocation strategies and lattice based coding schemes for bidirectional relaying were proposed in [9] .
Error analysis of the two-way AWGN relay channel with physical layer network coding based on the Detect and Forward (DF) protocol, in which the relay R transmits the estimate of the Exclusive OR (XOR) of A's and B's transmission bits, was done in [10] . Performance analysis for the two-way Rayleigh fading relay channel with physical layer network coding, based on the Amplify and Forward protocol was presented in [11] . For a two-way Rayleigh fading relay channel with BPSK modulation, upper and lower bounds on the Symbol Error Rate (SER) for the DF protocol were obtained in [12] . Exact BER analysis of the two-way Rayleigh fading relay channel with BPSK modulation for the DF protocol was done in [13] .
Physical layer network coding increases the end-to-end throughput by minimizing the number of channel uses, but results in MAI at the relay node. While for BPSK modulation, the XOR network code offers the best performance, for other signal sets, changing the network coding map adaptively according to channel conditions provides performance improvement by minimizing the impact of this MAI [6] . A computer search algorithm called the Closest-Neighbour Clustering (CNC) algorithm was proposed in [6] to obtain such Adaptive Network Coding (ANC) maps resulting in the best distance profile at R.
Deep channel fades occur at R when the ratio of the channel fade coefficients associated with the B-R and A-R links takes one of the finite values in the complex plane referred to as the singular fade states (a formal definition of singular fade state is given in Section II A). As an alternative to the scheme proposed in [6] , a procedure to obtain the ANC maps, based on the removal of the harmful effect of the singular fade states using Latin Squares 1 was proposed in [14] . A quantization of the set of all possible channel realizations based on the adaptive network code used was obtained analytically in [15] . For the ANC schemes ( [6] , [14] - [15] ), performance improvement results due to a proper choice of ANC maps which effectively mitigate the effect of the singular fade states. In [16] , a Distributed Space Time Coding (DSTC) scheme was proposed which removes the harmful effect of the singular fade states at the transmitting nodes itself without any CSIT, without any need to adaptively change the network coding map used at the relay.
Unlike the DF protocol, in which XOR map is used irrespective of channel conditions, the average SER analysis of the ANC schemes based on the DNF protocol proposed in [6] , [14] - [15] should take into account the fact that the network coding maps used depend on the channel fade coefficients. The ANC schemes proposed in [6] , [14] - [15] as well as the DSTC scheme proposed in [16] are all based on the removal of the harmful effect of the singular fade states. To the best of our knowledge, there is no prior work which analyzes the effect of the singular fade states on the average error performance. Specifically, it is not clear how the singular fade states, which occur with zero probability, can affect the average end-to-end SER performance. The prime objective of this paper is to explain the connection between the removal of the harmful effect of the singular fade states and the average end-to-end SER performance of the ANC schemes proposed in [6] , [14] - [15] . Throughout the paper, in a statement if it is mentioned simply as ANC, it refers to the scheme proposed in [6] as well the one proposed in [14] - [15] , i.e., the claim made in the statement holds for both the schemes.
The main contributions of this paper are as follows:
• The singular fade states fall in the following two categories depending on whether their harmful effect can be removed or not: (i) the removable and (ii) the nonremovable singular fade states. With every singular fade state, we associate an error event that the relay transmits a wrong network-coded symbol during the BC phase. It is shown that the error event associated with a singular fade state has a diversity order two, if the harmful effect of the singular fade state is removed and a diversity order one, if the harmful effect of the singular fade state is not removed. As a result, the ANC schemes provide a coding gain over the fixed network coding scheme, by minimizing the number of error events which have diversity order one.
• We derive a high SNR upper-bound on the end-toend SER for the ANC schemes, for a Rician fading scenario. In particular, it is shown that at high SNR, the average probability that R transmits a wrong networkcoded symbol during the BC phase is upper-bounded by twice the average error probability of a point-topoint fading channel. Simulation results indicate that the bounds obtained are tight.
• Unlike a Rayleigh fading scenario, in a Rician fading scenario with Rician factor greater than zero, it is shown that only some of the removable singular fade states contribute dominantly to the average end-to-end SER. It is sufficient to remove the harmful effect of only such singular fade states, without any significant degradation in performance. jθ , where γ ∈ R + and −π ≤ θ < π, is referred as the fade state and for simplicity, also denoted by (γ, θ). For a signal set S, ΔS denotes the difference signal set of S, ΔS = {x − x |x, x ∈ S}. For a random variable X, f (X) denotes the probability density function of X.
Notations

B. Signal Model
Throughout, a quasi-static fading scenario is assumed with the channel state information available only at the receivers. Throughout the paper, the fading is assumed to be Rician with a Rician factor K. 2 The results presented in the paper are valid for any arbitrary signal set used at the end nodes A and B.
Let S denote the signal set of unit energy used at A and B. Assume that A (B) wants to transmit x A (x B ) ∈ S to B (A). Transmission occurs in two phases: The Multiple Access (MA) phase during which A and B simultaneously transmit to R, followed by the Broadcast (BC) phase during which R transmits to A and B.
MA phase: The received signal at R at the end of the MA phase is given by,
where Z R is assumed to be
BC phase: Depending on the value of γe jθ , R chooses a many-to-one map M γ,θ : S 2 → S , where S is the signal set (of size between M and M 2 ) used by R during the BC phase. The choice of M γ,θ is indicated by R to A and B using overhead bits.
The received signals at A and B during the BC phase are respectively given by,
∈ S is the network-coded symbol transmitted by R. The additive noises Z A and Z B are CN (0, σ 2 ). In order to ensure that A (B) is able to decode B's (A's) message, the map M γ,θ should satisfy the exclusive law [6] , i.e.,
The node A (B) can decode the message of B (A) by observing Y A (Y B ) through ML decoding, since A (B) knows x A (x B ) and the map M γ,θ satisfies the exclusive law. The organization of the rest of the paper is as follows: In Section II, a brief description of the ANC schemes is provided, focussing on how the harmful effect of the singular fade states which are responsible for the deep channel fades are removed. In Section III A, the different terms contributing to the average end-to-end SER are identified. In Section III B, an upperbound on the average end-to-end SER for the ANC scheme is derived. In Section III C, the ANC scheme is compared with the fixed network coding scheme. In Section IV, it is shown that in a Rician fading scenario, not all the singular fade states contribute equally to the average SER and it suffices to remove the harmful effect of only those which contribute dominantly. Simulation results are presented in Section V.
II. THE ADAPTIVE PHYSICAL LAYER NETWORK CODING SCHEME In this section, we briefly describe the adaptive physical layer network coding schemes proposed in [6] , [14] - [15] . In Section II A, the notion of singular fade states for the two-way relaying scenario is described and in Section II B, a discussion on how the harmful effects of the singular fade states can be removed by a proper choice of the ANC map is presented.
A. Singular fade states for the two-way relaying scenario
Let S R (γe jθ ) denote the effective constellation seen at the relay during the MA phase, with the points normalized by H A , i.e., S R (γe
denote the minimum distance between the points in the constellation S R (γe jθ ), i.e., dmin(γe jθ ) = min
From ( 
B. The Removal of Singular Fade States by Adaptive Network Coding
By the removal of a singular fade state, what is meant is the removal of its harmful effects. Before discussing about the removal of singular fade states, the notion of clustering of signal points at R is defined.
Definition 2: The elements in S 2 which are mapped on to the same complex number in S by the map M γ,θ are said to form a cluster. Let {L 1 , L 2 , ..., L l } denote the set of all such clusters.
Since the map M γ,θ clusters the points in S 2 , we interchangeably use the words clustering and network coding map to denote M γ,θ . The relay clusterings satisfying the exclusive law form Latin Squares [14] . th entry of the Latin square is the index of signal point transmitted by R during the BC phase, where i and j respectively denote the ML estimate of A's and B's transmission at R. Since R's transmission is the same for (0, 0), (1, 1), (2, 2) and (3, 3), they form a cluster. The set of all clusters for this clustering is given in (4) below:
Definition 3: The cluster distance between a pair of clusters L i and L j , i = j, is the minimum among all the distances calculated between the points x A +γe jθ x B and
The minimum cluster distance of the clustering M γ,θ is the minimum among all the cluster distances. Fig. 4 is used at R, the different clusters formed are indicated in Fig. 5 . For γe jθ = j, since the pairs (1, 2) and (0, 1) which result in zero minimum distance are not placed in the same cluster, the clustering given in Fig. 4 does not remove the singular fade state j. For the set of all clusterings which remove the singular fade states for 4-PSK signal set, see [6] , [14] .
Even though the probability that a given realization of fade state is a singular fade state is zero, the minimum distance of the effective constellation is greatly reduced in the neighbourhood of a singular fade state. As illustrated in Example 3, a clustering which removes a singular fade state need not remove some other singular fade state. The clustering used at R needs to be changed adaptively according to γe jθ , to avoid the distance shortening which occurs in the neighbourhood of singular fade states.
The harmful effect of the singular fade states 0 and ∞ cannot be removed since the pairs (x A , x B ) and (x A , x B ) (and also (x A , x B ) and (x A , x B )) result in these singular fade states and they cannot be placed in the same cluster without violating the exclusive law given in (2) . The singular fade states 0 and ∞ which occur due to channel outage, irrespective of the signal set used, are referred as the non-removable singular fade states. The rest of the singular fade states which depend on the signal set used are referred as the removable singular fade states.
The CNC algorithm proposed in [6] obtains the map M γ,θ which results in the best cluster distance profile during the MA phase at R, for a given γe jθ . The CNC algorithm optimizes the entire distance profile instead of maximizing only the minimum cluster distance. In some cases, this results in the use of signal sets with a larger cardinality during the BC phase and also results in an extremely large number of maps. To solve this problem, an algorithm called the Nearest Neighbour Clustering (NNC) algorithm was proposed in [6] which maximizes the minimum cluster distance. The scheme proposed in [14] - [15] does not maximize the minimum cluster distance for every γe jθ , over all possible clusterings. In [14] - [15] , the set of all clusterings which remove all the removable singular fade states is found and among those clusterings, the clustering which maximizes the minimum cluster distance is chosen, for a given realization of γe jθ . The choice of the ANC map for a given realization of γe jθ is indicated by R to A and B using overhead bits.
For the ANC schemes proposed in [6] and [14] - [15] , the complex fade state (γe jθ ) plane can be quantized into different regions depending on the clustering used at R. In the neighbourhood of every removable singular fade state, a region exists in which a clustering which removes that singular fade state is used at R. For example, for the case when 4-PSK signal set is used at A and B, the quantization of the γe jθ plane 3 is as shown in Fig. 6 . The regions associated with the 12 removable singular fade states are indicated by R 1 -R 12 in Fig. 6 . The regions R 13 and R 14 in Fig. 6 are the clustering independent regions in which the minimum cluster distance is the same for all clusterings satisfying the exclusive law. For details, see [15] .
To sum up, the ANC schemes remove the effect of distance shortening which occurs in the neighbourhood of singular fade states by the removal of singular fade states. The singular fade states occur with zero probability and it is not clear how avoiding the distance shortening in their neighbourhood affects the end-to-end error performance of two-way relaying. The connection between the removal of singular fade states and the average end-to-end SER performance is described in detail in the next section.
III. ERROR ANALYSIS FOR THE WIRELESS TWO-WAY RELAYING SCENARIO
In this section, the error analysis for the two-way relaying scenario with ANC is presented. In Section III A, the different factors contributing to the average end-to-end SER are identified. In Section III B, an upper bound on the end-to-end average SER for the ANC scheme is derived. In Section III C, the reason why the ANC scheme performs better than fixed network coding is discussed. , H B , H A , H B ) , the end-to-end SER at node A, P H {E A } given in (5), can be upper-bounded as in (6) (equations (5)- (9) are given at the top of the next page).
A. Cluster Error Probabilities and Associated Singular Fade States
In (5),
} are the probabilities that R decodes to the correct and wrong cluster respectively, for a given H, when the pair transmitted by the end nodes
} are the probabilities of E A given that R decodes to the correct and wrong cluster respectively, for a given H and (x A , x B ).
The first term in (6), denoted as P
A,BC H
is the probability of error event at node A at the end of the BC phase, given that the relay decoded to the correct cluster at the end of the MA phase. The second term in (6), denoted as P CE H , is the probability that R decodes to a wrong cluster (CE stands for Cluster Error). The probability that R decodes to a wrong cluster P CE H is as given in (7). If Fig. 7 . The point-to-point fading channel.
, otherwise the exclusive law given in (2) will be violated. Hence, from (7), we get (8) .
From (8), taking expectation with respect to the fade coefficients, the average probability that R decodes to a wrong cluster, which is equal to the average probability that R transmits a wrong network-coded symbol during the BC phase is as given in (9) .
The average Cluster Error Probability (CEP) given in (9) is composed of three kinds of error events: (i)
The average probability that B's transmission x B is decoded correctly at R and A's transmission x A is wrongly decoded as
The average probability that A's transmission x A is decoded correctly at R and B's transmission x B is wrongly decoded as x B and (iii)
the average CEP that R wrongly decodes to (x A , x B ), the pairs (x A , x B ) and (x A , x B ) not being present in the same cluster. Note that P CE (x A , x B ) −→ x A , x B is different from the average probability that the joint ML estimate at R is ( x A , x B ) , given that the transmitted pair is ( x A , x B ) .
In the sequel, it is shown that the probabilities
can be upper-bounded in terms of the average SER of a point-to-point fading channel. Consider the point-to-point fading channel shown in Fig. 7 with a source node S and a destination node D. The fading coefficient h of the point-to-point fading channel is distributed according to Rician distribution with a Rician factor K. S wants to transmits a point from the signal set S, denoted by x to D. The received signal at D is y = h √ E s x+z, where z ∼ CN(0, σ 2 ). Letx denote the output of the ML decoder at D. Let P pp {x = x A |x = x A } denote the probability that a decoding error occurs with x = x A and x = x A = x A . Also, let P pp (S) denote the average SER of the point-to-point fading channel with the signal set S.
Lemma 1: The error probability
As a result, the following upper-bound holds:
Proof: See Appendix A. Using Lemma 1, the average CEP given in (9) can be upperbounded as,
(10)
Recall from Section II A that the singular fades can be expressed as
−ΔxA
ΔxB , where Δx A , Δx B ∈ ΔS. With the CEP In the next subsection, it is shown that avoiding the distance shortening in the neighbourhood of the singular fade state − ΔxA ΔxB by its removal ensures a diversity order two for
The average SER for the pointto-point fading channel P pp (S) has a diversity order one. Hence, for the ANC scheme, the upper-bound on P CE given in (10) approaches a value equal to twice the average SER of the point-to-point fading channel, at high SNR.
B. Two-way Relaying with Adaptive Network Coding
Recall from Section II B that for the ANC schemes, in the neighbourhood of every singular fade state, an associated region exists in which a clustering which removes that singular fade state is used at R. For a singular fade state s, let C s denote the circle with the largest radius δ s enclosed in the region associated with s, with center at s. For example, for 4-PSK signal set, s = 1 + j is a singular fade state and the circle C 1+j of radius δ 1+j enclosed in the region associated with the singular fade state 1 + j (the region R 3 ) is as shown in Fig. 6 . (9) can be upperbounded as given in (11) at the top of the next page, as stated in the following theorem (the subscript AN C in (11) stands for Adaptive Network Coding).
Theorem 1:
} can be upper-bounded as in (11) .
Proof: See Appendix B. From Theorem 1, it follows that for the ANC schemes, the diversity order of the CEPs associated with the removable singular fade states P
Since P pp (S) has a diversity order one, in the upper-bound given in (10), the terms P CE AN C {(x A , x B ) → (x A , x B )} can be neglected at high SNR. Hence, at high SNR, the average CEP for the ANC scheme is upper-bounded by twice the average SER of the point-to-point fading channel, i.e.,
Tight expressions are available for the average SER of the point-to-point fading channel for commonly used signal sets (see [17, Chapter 8.2] ), using which the high SNR upperbound on the average CEP can be evaluated. Simulation results presented in Section V indicate that the obtained high SNR upper-bound on the average CEP is tight. The tight high SNR upper-bound on P CE given by 2P pp (S) is valid for the ANC schemes based on the CNC and NNC algorithms proposed in [6] , as well as for the scheme proposed in [14] - [15] . In other words, at high SNR, the average CEP is nearly the same for all the ANC schemes. Hence, it suffices to ensure a non-zero minimum cluster distance by removing all the removable singular fade states (as in [14] - [15] ). Optimizing the entire cluster distance profile as in the CNC algorithm or maximizing the minimum cluster distance as in the NNC algorithm for every fade state does not buy any additional advantage, at high SNR.
The error events at the output of the joint ML decoder at R are of three kinds: (i) only A's transmission is decoded wrongly, (ii) only B's transmission is decoded wrongly and (iii) both A's and B's transmission are decoded wrongly. The effect of MAI at R is the presence of error events of kind (iii). At high SNR, the ANC schemes eliminate the effect of MAI,
making the error events of kind (iii) irrelevant, by ensuring that the corresponding CEPs have a diversity order 2. So far, we focussed only on the average CEP at R. From (6), it follows that the end-to-end average SER at node A is upper-bounded by the sum of the average CEP and the average probability that an error occurs at node A during the BC phase given that no cluster error occurred at R, which is denoted as P A,BC . For the ANC schemes, the signal set used during the BC phase depends on the realization of γe jθ . Let {S i , 1 ≤ i ≤ L} denote the set of all signal sets used during the BC phase, with λ i denoting the fraction of time S i is used. Note that λ i 's as well as S i 's depend on the ANC scheme used, the signal set S used at A and B during the MA phase and the Rician factor K. In fact, at high SNR, for the ANC schemes based on the CNC algorithm, the NNC algorithm and the scheme proposed in [14] - [15] , difference in the end-to-end SER performance arises only due to the difference in λ i 's and S i 's. When the signal set S i is used, the error probability during the BC phase is P pp (S i ). Hence,
As a result, at high SNR, the average end-to-end SER at node A is upper-bounded as
This upper-bound on P {E A } can be easily evaluated, since tight expressions on the average SER for the point-to-point fading channel are available in the literature, for all commonly used signal sets (see [17, Chapter 8.2] ). Simulation results given in Section V confirm that this upper bound on P {E A } is tight. (x A , x B ) −→ (x A , x B ) } has diversity order one and at high SNR,
C. Fixed Network coding Vs. Adaptive Network Coding
Proof: See Appendix B.
From Lemma 2, it follows that for the FNC scheme, there exists CEPs associated with the removable singular fade states which have diversity order one. For the ANC scheme, from Theorem 1 it follows that the CEPs associated with all the removable singular fade states have diversity order two. For the ANC scheme, the only CEPs which have diversity order one are the ones associated with the non-removable singular fade states. The ANC scheme provides a coding gain over the FNC scheme by increasing the diversity order of the CEPs associated with the removable singular fade states from one to two.
It was observed in the simulation results in [6] that the gain provided by the ANC scheme over the FNC scheme is more in a Rician fading scenario than in a Rayleigh fading scenario. The reason for this is explained in the following discussion. For a point to point fading channel, the pair-wise error probability that a transmitted symbol x is wrongly decoded as x can be upper-bounded as
SN R|Δx| 2 4
, where Δx =
x − x (follows from [18, eqn. (8)]). Hence, the upperbounds on the pair-wise error events during the BC phase are proportional to e −K at high SNR.
In a two-way relaying scenario, the contribution to the overall end-to-end SER comes from two factors: (i) cluster error and (ii) error during the BC phase. Consider the CEP upper-bounded in (14) 
} is proportional to e −κK where κ < 1, for some x A = x A and x B = x B . When the Rician factor K increases, the contribution of the error during the BC phase to the overall average SER decreases and for large values of K, the contribution to the overall average SER comes totally from the cluster error. The reason for this is that the pair-wise error events during the BC phase (proportional to e −K ) decrease faster with K than those CEP terms P CE F NC {(x A , x B ) → (x A , x B )} which are proportional to e −κK , where κ < 1. For the reason outlined above, adaptive network coding, which reduces the average CEP, provides more gain in a Rician fading scenario than in a Rayleigh fading scenario (K = 0). From (14), it follows that the upper-bound on CEP associated with a singular fade state s = − ΔxA ΔxB is proportional to e −K |1−s| 2 1+|s| 2 . This suggests that in a Rician fading scenario removing certain singular fade states assumes more significance than removing the others and is discussed in the next section.
IV. PARTIAL REMOVAL OF SINGULAR FADE STATES
In this section, it is shown that in a Rician fading scenario, only some of the removable singular fade states contribute dominantly to the overall SER and only such singular fade states can be removed without a significant degradation in performance. Whether a singular fade state contributes significantly to the error probability depends on the Rician factor K. Since the upper bound on P
1+|s| 2 , referred to as the dominance factor of the singular fade state s, determines whether the contribution from a singular fade state s is significant or not. The lesser the value of the dominance factor, the more the contribution of the singular fade state s to the SER. For K = 0, f(s, K) = 0 for all s. Hence, in a Rayleigh fading scenario (Rician factor K = 0), contributions of all the singular fade states to the overall SER are equally significant. For K = 0, since f (s, K) = 0 if and only if s = 1, the removal of the singular fade state s = 1 assumes greatest significance. Note that for the case when A and B use the same signal set, s = 1 will always be a singular fade state.
Let ∠s denote the phase angle of s.
. Among those singular fade states which have the same absolute value |s|, those which have a lesser value of |∠s| (|∠s| ranges from 0 to π) have a lesser dominance factor and hence contribute more towards the overall SER. The relay can choose to remove only those singular fade states for which f (s, K) ≤ τ, for some threshold τ.
Example 4: For the case when 4-PSK signal set is used at the nodes A and B, the 12 removable singular fade states are as shown in Fig. 8 . For 4-PSK signal set, the dominance factor f (s, K) for K = 4 for the 12 removable singular fade states are given in Table I . Among all the singular fade states, the TABLE I  THE TABLE LISTING THE DOMINANCE , the singular fade states 0.5 + 0.5j and 0.5 − 0.5j are the dominant ones. Similarly, among those singular fade states which lie on the circle with radius √ 2, the singular fade states 1 + j and 1 − j are the dominant ones. Fixing the threshold τ = 2, the relay can choose to remove only the five dominant singular fade states, which are the circled ones shown in Fig.  8 .
Example 5: For the case when 8-PSK signal set is used at the nodes A and B, there are 104 removable singular fade states [14] . Fixing a threshold τ = 2, for a Rician factor K = 4, the relay can choose to remove only 29 of the 104 removable singular fade states, for which the dominance factor is less than 2. For details regarding the location of the 104 removable singular fade states in the complex plane for 8-PSK signal set and the clusterings which remove these singular fade states, see [14] .
V. SIMULATION RESULTS
The high SNR upper-bounds on the average CEP and average end-to-end SER obtained in Section III B are evaluated and compared with the ones obtained through simulations. Fig.  9 shows the average CEP for the ANC scheme 4 obtained through simulations as well as the theoretical upper-bound given in (12) in Section III B, for 4-PSK signal set, for three different Rician factors K = 0, K = 1 and K = 4. From Fig.  9 , it can be seen that the bound on the average CEP obtained in Section II B is tight. Fig. 10 shows a plot of SNR Vs. average end-to-end SER for three different Rician factors, for 4-PSK signal set. From Fig. 10 , it can be seen that the theoretical bound given in (13) in Section III B and the average end-toend SER obtained through simulations are close. From Fig.  9 and Fig. 10 , it can be observed that for the ANC scheme, the diversity order is one, for the average CEP as well as the average end-to-end SER. Even though the removal of the removable singular fade states ensures a diversity order two for the associated CEPs, the diversity order of the overall CEP is one due to the presence of the non-removable singular fade states zero and infinity. It is important to note that the theoretical upper bounds on the average CEP and end-to-end SER given in Section III B are valid only at high SNR. It can be seen from Fig. 9 and Fig. 10 that for K = 4, in the low-moderate SNR regime, the theoretical upper bounds on the average CEP and the end-to-end SER are less than the simulated values. This does not contradict the theoretical analysis, since the analysis holds only at high SNR. The impact of the removal of singular fade states on the average end-to-end SER is evaluated through simulations, for the case when 4-PSK signal set is used at A and B. For comparison, we consider the case when R uses the Modulo-4 Latin Square shown in Fig. 11 irrespective of the channel condition (every entry of the Modulo-4 Latin Square is the modulo 4 addition of the row index and the column index). Note that the Modulo-4 Latin Square does not remove any of the 12 removable singular fade states, for 4-PSK signal set. From Fig. 12 , which shows the SNR vs SER plots for a Rician factor K = 4 for 4-PSK signal set, it can be seen that the diversity order for all the cases considered is one. Also, it can be seen that at high SNR, the ANC scheme based on the removal of all the singular fade states using Latin Squares proposed in [14] provides nearly 8 dB gain over the case when Modulo-4 Latin Square is used irrespective of channel conditions. For details regarding the Latin Squares which remove the singular fade states, see [14] . [14] . It can be seen that the SNR vs SER performance for the case when only s = 1 is removed is slightly better than the case when all the singular fade states other than s = 1 are removed. This confirms the assertion made earlier in Section III that the removal of the singular fade state s = 1 is of greatest significance. It can be seen from Fig.  12 that at high SNR, removing only the five dominant singular fade states degrades the performance by less than 1 dB, i.e., it provides nearly 7 dB performance improvement over the case when Modulo-4 Latin Square is used. In Fig. 13 , a similar plot is shown for 8-PSK signal set. The ANC scheme based on the removal of singular fade states ([14] - [15] ) provides a gain of 10 dB over the Modulo-8 Latin Square which does not remove any singular fade state. It can also be seen from Fig.  13 that removing only the 29 dominant singular fade states for which the dominance factor f (s, K) ≤ 2 provides a gain of 8 dB over the Modulo-8 Latin Square.
VI. DISCUSSION
The singular fade states which are responsible for deep channel fades fall in two classes: (i) removable and (ii) non-removable. With the singular fade states, there exists associated CEPs that the relay node decodes to a wrong cluster. The ANC schemes provide a better performance than the FNC scheme, by increasing the diversity order of the CEPs associated with the removable singular fade states from one to two. High SNR upper bounds on the average CEP and end-to-end SER were obtained in terms of the average SER of a point-to-point fading channel, which were found to be tight. Also, in a Rician fading scenario, only some of the singular fade states contribute dominantly to the average SER and only such singular fade states can be removed, without any significant degradation in performance.
APPENDIX A PROOF OF LEMMA 1
Corresponding to a possible decoded pair (x A , x B ) at R, let Γ(x A , x B ) denote the ML decision region in the complex plane. The transmitted pair (x A , x B ) is wrongly decoded as
For simplicity, assume E s = 1. The ML decision region
Writing Y R in terms of the additive noise Z R from (1), we get (15) (equations (15)- (17) are given in the next page).
Consider the point-to-point fading channel shown in Fig.  7 . The probability that S's transmission x = x A is wrongly decoded as x A is given by,
. Writing in terms of the additive noise z, we get (16) .
From (15) and (16), it follows that
Hence, the upper-bound in (17) holds. Similarly, the following upper-bound also holds,
APPENDIX B PROOF OF THEOREM 1 AND LEMMA 2
can be written as,
where 1 {c} is the indicator function which is one if the condition c is satisfied and is zero if it is not satisfied and
is the probability that the transmitted pair (x A , x B ) is wrongly decoded at R as (x A , x B ) for a given H. Taking expectation with respect to H in (18) , (9) is given in (19) and can be upper-bounded as in (20) (equations (19)- (29) are given in the next page). R{(x A , x B ), (x A , x B 
by the corresponding pair-wise error probability Q
Before we prove Theorem 1, we prove the following lemma. , where Q 1 is the first order Marcum Q function.
Proof: Let θ denote the phase angle of h and γ denote the absolute value of h. Then the term inside the integral I can be written as, e −r(γ 2 +|hc|
2 ) e 2γr|hc| cos(θ−φ) , where
Re (hc) . Transforming h into polar coordinates (γ, θ), the integral I can be written as,
Let I 0 denote the Bessel function of zeroth order of the first kind, i.e., I0(x) = 1 2π
I0(αx)dx. Using the transformation x = √ 2rγ, the integral I given in (30) can be written as,
The above inequality follows from the fact that Q1(α, β) ≤ . 
Consider the 2 × 1 collocated MIMO system with spatial multiplexing of independent complex symbols at the transmit antennas. It can be easily seen that the error probability given in (32) is equal to the probability that the transmitted pair (x A , x B ) is wrongly decoded as (x A , x B ) at the receiver in a 2 × 1 MIMO spatial multiplexing system. Hence, P CE F NC {(x A , x B ) → (x A , x B )} has a diversity order one and at high SNR can be upper-bounded as given in the statement of the lemma (follows from [18, eqn. (8)]).
